We investigate the quantum dynamics of neutral atoms subject to a uniform spin-dependent gauge field. In particular, we analyze a simple experimental scheme to generate the Landau quantization in a two dimensional atomic gas with internal three-level Λ-type configuration. We show how energy eigenfunctions and eigenvalues are obtained and discuss the experimental conditions for which a variety of physical quantities of the atomic gas can exhibit quantum oscillations.
I. INTRODUCTION
Neutral atomic systems, in contrast with their electronic counterparts, offer unprecedented possibilities of controlling over physical parameters [1] [2] [3] [4] [5] . In this scenario, ultracold atoms can be used as quantum simulators for a wide variety of phenomena [6] [7] [8] [9] [10] . Twodimensional (2D) systems of atoms in synthetic gauge fields are of particular interest [11] [12] [13] [14] .
The essential requirement for the emergence of the synthetic magnetism is that the wave function of a neutral particle acquires a geometrical phase when it follows a closed path.
This demand is satisfied when the particle moves in an appropriate designed external field configuration. There exists a variety of proposed ways to realize artificial magnetic fields for atoms in a trap, namely: using the coupling between the dipole moment of the atom and a properly designed electromagnetic field arrangement [15] [16] [17] [18] , by the rotation of the trap [19] , by atoms in optical lattices using laser-assisted state sensitive tunnelling [20] , and employing schemes based on the adiabatic motion of atoms, with Λ [21] or tripod [22] configurations, in spatially varying laser fields. Particularly interesting the optical methods allow the possibility to create artificial magnetic fields with Abelian and/or non-Abelian structure.
The motion of neutral particles in a plane and in the presence of a perpendicular synthetic magnetic field is highly special. In the case of a uniform Abelian U(1) magnetic field, the cyclotron motion of the particles leads to the Landau level band structure [23] [24] [25] [26] [27] similar to the electronic systems, with each level providing a macroscopic number of one-particle states that are strictly degenerate in energy. However, the artificial magnetism also allows the generation of an homogeneous magnetic field U(1) x U(1) that acts in opposite directions on electrically neutral atoms with opposite spin polarizations. As a consequence, it is possible to study many effects related to the Landau quantization exploring the spin-dependence of the effective magnetic field. In Ref. [14] we have proposed a laser configuration to create degenerate Landau levels for tripod-type cold atoms in the presence of a spin-dependent optically induced magnetic field. For Λ-type atoms the spin-dependent gauge fields, which lead to spin-orbit (SO) coupling, was proposed in [28] . Other potential application of synthetic magnetism is the realization of the Landau quantization for ultra-cold atoms in presence of non-Abelian magnetic fields. Theoretical works show that non-Abelian effects are responsible to break the energy degeneracy and to strongly modify the Landau level structure [29, 30] .
In the present paper, we propose an experimental scheme to study the Landau quantization for a two-dimensional (2D) atomic gas with a simple internal Λ-type setup submitted to a uniform spin-dependent magnetic field. In comparison to the tripod configuration [22] , we need a large detuning in this Λ configuration. However, the large detuning regime makes the pseudospins of the Λ system more stable under atomic spontaneous emission since they have negligible contribution from the initial excited state, while the pseudospins in the tripod system are not the ground states. In addition, the laser beam arrangement is simpler in the Λ-level setup. The energy eigenfunctions and eigenvalues of this Landau problem are obtained. We discuss about the experimental conditions to reach the strong magnetic field regime. In this regime we would expect the appearance of an oscillatory behaviour of some physical observables (conductivity, magnetization, specific heat etc.) as a function of the magnetic field strength.
II. THE THREE-LEVEL Λ-TYPE CONFIGURATION
In this section, we consider a cloud of an 2D (x-y plane) atomic gas with internal Λ level structure coupled to laser fields [see Fig. (1a) ]. The two ground states |1 and |2 are coupled to the excited state |0 through spatially varying laser fields, with Rabi frequencies Ω 1 and Ω 2 , respectively. The total wave function |Ψ(r) = 3 j=1 ψ j (r)|j of the atom, where r denotes the atomic position, is governed by the total Hamiltonian H =
where m is the atomic mass. The external trapping potential V (r) = j V j (r)|j j| is diagonal in the basis of the internal states |j , and the laser-atom interaction Hamiltonian H I is given by
with ∆ as the detuning. As in the reference [31] we parametrize two Rabi frequencies through
tan 2θ cos ϕe iS 1 and Ω 2 = ∆ 2 tan 2θ sin ϕe iS 2 with −π/4 < θ < π/4.
Diagonalizing the interacting Hamiltonian H I yields the eigenstates:
and
.
In the new basis |χ , the full quantum state is represented as |Ψ(r) = +Ṽ . Here A andṼ are 3 × 3 matrices with elements given by
For our purpose, we set that ∆ > 0 and −π/4 < θ < π/4, so there are
and E 3 − E 1 ≥ ∆. Since A j,l usually has a magnitude of momentum P L of the applied lasers fields, the off-diagonal elements of A andṼ can be neglected when
<< ∆ and χ j |V (r)|χ l and the atoms move very slowly (i.e.,
<< ∆). Applying these adiabatic conditions, the state |χ 3 , whose eigenenergy E 3 is much larger than the other eigenenergies E 1 and E 2 , is decoupled from the other lower internal eigenstates. Thus, we have a neardegenerate subspace spanned by the two lower internal eigenstates χ 1 , χ 2 . This provides an effective spin-1/2 system where the pseudospin up and down states are represented by | ↑ ≡ |χ 1 and | ↓ ≡ |χ 2 , respectively. In this way, the wave function Ψ evolutes under the effective Hamiltonian
where A andṼ are truncated 2 × 2 matrices with elements defined in Eqs. (2) and (3) and j, l = 1, 2. In addition, the scalar potential Φ, which is again a 2 × 2 matrix, has elements
A j,3 · A 3,l . Using the expression of the eigenstates |χ 1 and |χ 2 we can written
We now consider a specific configuration of two contrapropagating plane waves laser beams in the x direction for the formation of the Landau quantization in the atomic gas.
The spatial profiles of the corresponding Rabi frequencies are assumed to be of planes waves form [see Fig. (1b) ]
tan(2θ). Note that the phases are S 1 = κx, S 2 = −κx and the angles are ϕ = π/4 and cos θ = αy, where α is a parameter.
Under this laser arrangement, the vector takes the form of the uniform U (1)×U (1) gauge
where B = κα. Since the vector potential has U (1) × U (1) structure, so the dynamics of atoms in any pseudospin states evolves according to a separate Hamiltonian [32, 33] .
This effective vector potential corresponds to a constant magnetic field in the direction of z axis, since we have the relation
The overall trapping potential can expressed in form
where the trapping potential is assumed to be the same for the first two atomic states,
In order to avoid the spontaneous decay for realistic ultracold atoms, we consider the large detuning case, i.e., |∆| |Ω 1 |, |∆| |Ω 2 |. This leads to the condition sin 2 θ << 1 and as a consequenceΩ(θ) ≈ ∆ 2 sin(2θ). In this regime
and the overall trapping potential can be written as
If we also assume that V 3 − V 1 = ∆ − where I is the unit matrix.
III. LANDAU LEVELS FOR Λ-TYPE NEUTRAL ATOMS
In this context, the effective Hamiltonian of the system takes the form
It is convenient to apply the local unitary transformation U = e σyψ . In addition, using the spin language with | ↑ ≡ |χ 1 (pseudospin up), | ↓ ≡ |χ 2 (pseudospindown) and ψ = (ψ ↑ , ψ ↓ ) T r , the effective diagonal Hamiltonian takes the form of
The transformed Schrödinger equation of the atomic motion in the pseudospin-1/2 basis {| ↑ , | ↓ } yields a system of two decoupled equations
where
Since the transverse momentum p x = k x is the quantum integral of motion so that the solution ψ γ can be factorized to separate the variables
Substituting the plane wave ansatz (9) into Eq.(8) and completing the square for the variable y one arrives in two spin-dependent harmonic oscillators with their well centred at
Thus, the effective magnetic field leads to a Landau level structure for each spin state.
In addition, the spin-hall effect would be realized in a situation where the atomic trap is turned off and the atoms fall due to the gravity.
By applying the change of variables y γ = y − y γ 0 the equations (10) takes the form of the ordinary harmonic oscillator equations
where ω = 
Introducing the dimensionless variable ξ γ = mω y γ we rewrite Eq. (11) in a dimensionless form
At this point, it is important to remember that we are considering trapped particles in an atomic cloud. In this way, we cannot take the asymptotic limit of the variable y γ . However, we obtain analytical solutions of Eq. (13) in the limit mω 1 [21] . Note that both sides of such inequality have dimensions of inverse length. As a consequence, the magnetic field strength must obey the following condition
Solving the differential equation (13) we obtain a family of solutions in the form of
, with H n the usual Hermite polynomial. In addition, can assume the values
with n = 0, 1, 2, ... . Thus, comparing Eq. (12) and Eq. (15), one arrives that the energy levels of the two-dimensional atomic gas are quantized into Landau levels The degeneracy N φ is linear in strength of the magnetic field. Decreasing the magnetic field provokes N φ to decrease, and fewer atoms can be accommodated on each level. As a result, the atomic population of the highest energy level will range from to entirely empty to completely full. When the filling number is of the order of unity, we expect the atomic gas to exhibit an oscillatory dependence on physical observables as a function of field strength at low temperature. Generally known as "quantum magnetic oscillations", these effects could be observed for example, for the atomic analog of the magnetization (de Haas-van Alphen oscillations) [35, 36] , the resistivity (Shubnikov-de Haas oscillations) [37] , the Hall resistance [38] , or the specific heat [39] .
For a typical 2D ultracold atomic gas with an effective area A ∼ 10000 µm 2 containing N ≈ 10 4 atoms of 87 Rb [40] , with the wave number κ Rb ∼ 10 
